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Abstract. We define two conformal structures on S 1 which give rise to a 
different view of the affine curvature flow and a new curvature flow, the "Q- 
curvature flow" . The steady state of these flows are studied. More specifically, 
we prove four sharp inequalities, which state the existences of the correspond- 
ing extremal metrics. 



1. Introduction 

The study of geometric flow equations have attracted great attentions recently 
from scientific community. In its very short history of existence, there have been 
some very successful and beautiful results. To name a few, we mention the study of 
Thurston's geometrization via Ricci flow and the applications of geometric flows in 
image processing. The philosophy underneath might be that, while mathematicians 
like "stabilized" manifolds, human vision system prefers "stabilized" images, which 
could be explained as the limits of certain flow processes. 

In this paper we shall start to study certain one dimensional geometric flows, 
which are directly linked to image processing. Our approach however is inspired and 
strongly influenced by the study of flow equations for high dimensional manifolds, 
in particular by the study of Yamabe flow for dimension n > 3. 

Recall that on a n-dimensional compact Remannian manifold (M n ,g)(n > 3), 
the conformal Laplacian is defined as 

(1-1) L g = ^-^A g +R g , 

where R g is the scalar curvature of metric g. It is a conformal covariant, namely 
for <p > 0, 

Tl+2 

L 4 u = <p~~ ™- 2 L„((pu). 

tpn-2 g 

The normalized Yamabe flow, so designed as to find a metric with constant scalar 
curvature in a given conformal class, is defined as 

(1.2) d t g = (R g - Rg)g, 

where R g = J M R g dV g / J M dV g . The steady state of (jl.2p is a metric with constant 
scalar curvature. See Ye [TS] and recent work by Schwetlick and Struwe [T2"] . 

It is obvious that (jTTTJ) is not a well defined differential operator for n < 2. We 
shall mimic the above to define a general a-scalar curvature for any given closed 
convex curve. Let (S 1 , g s ) be the unit circle with the induced metric g s = d9 ® d6 
from R 2 . For any metric g on S 1 (that is, we reparametrize the circle), we write 
g := da ® da — v~ A g s for some positive function v and define a general a- scalar 
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curvature of g for any positive constant a by 

= v 3 {av ed + v). 

Thus Rg a = 1. If we define the corresponding a- conformal Lapalace- Beltrami op- 
erator of g by 

L^ = aA g + R^ 

where A g = D aa , we are able to show that is a conformal covariant, and to 
establish the formula of Rg under a conformal change of metric: 

Proposition 1. For cp > 0, if gi = ¥>~ 4 <?i then R^ 2 — yPU^tp, and 

It turns out, among all positive a, two cases of a = 1 and a — 4 are of special 
interest. 

Wc first show that the affine curvature of any given convex curve can be viewed 
as a 1-scalar curvature. To see this, let x(0) (9 € [0, 2ir)) be a closed convex curve 
in R 2 . One can introduce a new parameter of the affine arc- length a by requiring 

[Xfj , x CTCr ] 1 . 

In fact, if k = k(9) is the curvature of the curve, one can define 

a(8) = [ k- 2/3 d8 = [ k 1/3 ds, 
Jo Jo 

where s is the parameter of the arc length. Let v = fc 1 / 3 , we have 

gi := da ® do = v~ A dO <S> d9 = v~ A g s . 
Then the affine curvature of x(0) is given by: 

K = v 3 (v ee + v). 

which coincides with R l gi which we defined above. For simplicity we write n g = R l g . 

The affine flow, which is successfully used in the image processing (see [H]), is 
defined as 

X t (cr,£) = x CTCr . 
It is shown in [llj that the above flow is equivalent to 

d t g = ~K g g. 

Further, it will be shown in our forthcoming paper [10] that the affine flow is 
equivalent to the following one-dimensional normalized affine flow: 

(1.3) d t g = (k 9 - K g )g, 

where K g — J n g da / J da; More over, along the normalized flow H g is always in- 
creaing. To establish the global existence, as well as to study the long time be- 
haviour of the flow, it is essential to obtain the upper bound for the total curvature 
J K g da (note that under the normalized flow, total affine length is fixed). In [llj . 
such an upper bound is obtained due to Blaschke-Santalo inequality, which in turn 
is proved via the affine isoperimetric inequality as well as the classical Minkowski's 
mixed volume inequality. In this paper, we shall directly establish such an upper 
bound via a pure analytic argument. In fact, we will give an analytic proof to the 
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following general Blaschke-Santalo type inequality, which immediately implies that 
Kg is bounded above along the normalized flow. 

Theorem 1. (General Blaschke-Santalo) For u(6) G H 1 (S 1 ) and u > 0, if u 
satisfies 



u 3 {0) 
for all 7, then 

pin p2tt 

/ {u 2 e - u 2 )d9 / U - 2 {9)d9 > -4vr 2 , 
Jo Jo 
and the equality holds if and only if 

u{6) = c^J A 2 cos 2 (19 - a) + A~ 2 sin 2 (6> - a), 

for some A, c > and a € [0, 2tt). 

In the consequence paper [10] , we will show that the global existence of the affinc 
flow (| 1 - 3[) follows from this inequality and the maximum principle. 



For the case of a = 4, the A-scalar curvature Rg can be viewed as the scalar 
curvature in an analogous one-dimensional Yamabe flow. Let g = d5(3d5 = u~ g s = 
u~ A d9 (g) d9 for some positive function u £ C 1 (S 1 ). We define the scalar curvature 
kg of metric g by 

k g := u 3 (Au ge + u), 
and the corresponding conformal Lapalace Beltrami operator by 

(1.4) A g :=AAg + k g , 

that is kg — Rg and A g — Lg. Thus A g is a conformal covariant by Proposition [T] 
and 

for g 2 = (p~ 4 gi- The one-dimensional Yamabe flow is guided by 

(1.5) d t g = -k g g. 

It will be shown [10] that this flow is equivalent to the normalized Yamabe flow: 

(1.6) d t g = (kg - k g )g, 

where k g = J g k g dS g / J dS g . 

The upper bound of k g , which is essential to the proof of the global existence of 
the flow, is given by the following inequality: 

Theorem 2. For u(6) G H 1 ^ 1 ) and u>0, 

1 f 2 * 
{ul - -u 2 )d9 / u- 2 (d)dd > -it 2 , 



4 

and the equality holds if and only if 



i , „ v — a , o . 2 ^ ~ a 
uyO) = c\j \ z cos — h A 1 sin — - — 



for some A, c > and a £ [0, 2ir). 
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Theorem [2] has been proved in Ai, Chou and Wei [TJ and Hang [6], motivated by 
different problems. Our proof, which is based on a local type inequality (motivated 
by [7]), is completely different to theirs. See also Remark 2J 

The analytic approach to the proofs of Theorem [TJ and [2] enables us to study other 
conformal curvature flows on S 1 involving higher order derivatives. The higher 
dimensional analogues include the studies of Q-curvature (see, e.g., Fefferman and 
Graham [5]) and the extremal hermitian metrics (see, e.g. Chen [3]). For any given 
g on S 1 we write g = v~ 4 / 3 g s , where g s is the standard metric. The symmetric Q 
curvature of (S 1 ^) is defined as 

(1.7) Qf = -vi (vgsee + I0v ee + 9v), 

and the corresponding operator P A is defined as 

9 gJ 9 

where n g is the 1-curvature. Similar to Proposition [TJ we will show 



(1.8) P/(/) = -Aj/ + -5-V 9 (« 9 V fl /) + Qff, f e C 4 (x), 



Proposition 2. ( Conformal covariance of P g ) If g2 = <fi 3 i/ien Q A = (pa P^(p 
and 

The symmetric Q-curvature flow is introduced as 
(1-9) 8tg = (Qf -Qf)g, 

j± . ^4 

where Q g = J QgdS g / J dS g , along which Q g is always decreasing. In fact, we will 

A 

show that Q g is bounded from below by a positive constant. 
Theorem 3. For u(9) G H 2 (S 1 ) and u > 0, if u satisfies 

] -d0 = 

Jo u-<->{U) 
for all a, then 



271 cos 3 {6 + a ) 
o u^{9) 



2n / f>2ir \ ^ 

(u 2 eg - Wu 2 g + 9 U 2 )d9 U u^ 2/3 (9)d9\ > C > 0. 

—4/3 

More over, ifuo is an extremal function, then the symmetric Q-curvature ofu g s 
is a constant. 

The above might be needed to obtain the global existence and convergence of the 
symmetric Q-curvature flow. We expect such flow will have interesting applications 
in image processing (especially in image recognition), see Remark [6] after the proof. 

At this stage, it is nature to introduce the one-dimensional Q curvature of (S 1 , g) 
given by 

1 5 

(1.10) Q g = -«3 (lQveeee + 40v ee + 9v), 

J 

and the corresponding operator P g on (5' 1 , g) given by 

(1-11) P g (f) = f&lf + yV 9 (fc 9 V 9 /) + Qgf, f e CHS 1 ), 



STEADY STATES FOR ONE DIMENSIONAL CONFORMAL METRIC FLOWS 



5 



where k g is the ^-scalar curvature of (S 1 ,g). The Q-curvature flow is then guided 

by 

(1.12) d t g=(Q g -Q g )g, 

where Q g — J Q g dS g / J dS g . Simliar to Proposition [21 we will show that 

Proposition 3. (Conformed Covariant of P g ) If g2 = f~^gi, then Q g2 = (piP gi (p 
and 

P g ,il> = <piP gi (il>tp), V^eC 4 (x). 

Remark 1. We may define general a — Q curvature on (S , g) as 

a 2 10c 
-^-veeee H — — 



10 « 

Q g = V 3 (-V0000 + —7T-V00 + V), 



and the corresponding operator as 

n< 2 1 0n- 

P?V) = -± 2 g f + —V g (R«V g f) + Q*f, 

where g = v~ 4 ^g s and R g is the a— scalar curvature of (iS* 1 , <?). Similar to Propo- 
sition^ we have 

Proposition 4. (Conformal Covariant of P g ) If g2 — f~^gi, then Qg 2 — ipip™(p 
and 

P£4> = <ptPZ(fl><p), V*eC 4 (x). 



The following inequality, which classifies the steady state of the flow, is essential 
to the proof of the global existence and convergence of the flow. 

Theorem 4. For u(6) G H 2 ^ 1 ) and u>0, 

f\u 2 9 - \u 2 + ^u 2 )d0 (J\-W(6)d6) > 9vr 4 , 
and the equality holds if and only if 



u{9) = c I A cos 2 h A 1 sm 2 



3/2 



2 2 
for some A, c > and a £ [0, 2ir). 

The main theme of this paper is to prove the above four theorems. Note that 
extremal functions of these four inequalities give the extremal metrics for corre- 
sponding conformal curvatures. Therefore we also have classifications of the limit- 
ing metrics of the affine flow, Yamabe flow and the Q-curvature flow. The steady 
state for symmetric Q-curvature flow is not completely clear yet. See Remark [51 

During our writing of this paper, we learned that the analytic approach to the 
affine isoperimetric as well as the Blasche-Santalo inequalities has been proposed 
and tried by another group of researchers, see [I]. For example, the analytic proof 
of Theorem []] was given in [4]. However, their proof is incomplete (Lemma 6.2 in 
[4] is not correct since uq can vanish on a whole interval) . When the paper was in 
circulation, we were informed by J. Wei p3] that Proposition A. 5 in p] also yields 
an analytical proof of Theorem 1. The proofs of Theorem [2] and [4] are also obtained 
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in a recent preprint [6J by Hang. His work seems to be inspired by early work of 
Yang and Zhu T4] on three dimensional Paneitz operator. Our proofs are different 
to those in [T3] and [BJ. 

The paper is organized as follows. In section 2, we prove the conformal covariance 
of operators L" and P g . In section 3, we establish a local sharp inequality, 
which implies Theorem Q] using the stereographic projection. In section 4, we give 
a new proof of the Blaschke-Santalo inequality. The idea is also used in the proof 
of Theorem [3J We prove Theorem 2] and [3] in section 5. 

2. Conformal Covariance 

Suppose that g\ := do\ ® do\ = v~ i g s := v~ A d9 ® d6, where g s is the standard 
metric on the unit circle. We will use convention that A gi — D aiCri and V 9i = D ai 
for i = l and 2. Then for g^ — ip~ A g\ — (ipv)~ 4: g s , by definition 

i£ =(H 3 ("A ffs (H + H 

=(<pv) (avA gs <p + 2aX7 g s ipV g s v + a<pA gs v + <pv). 
On the other hand, 

=tp 3 (av 2 Vg s (v 2 Vg s tp) + av 3 tpAg s v + v 4 <p) 
—(ipv) 3 (avAg s (p + 2aV g g ipV g g v + atpA gs v + ipv). 
Therefore = (f 3 L^ip. It follows that, for any ip € C^S 1 ), 

L^J =aA 92 i> + Bfrl> = ^ 2 V 91 (^V 9 ^) + <fPi/>L°<p 

=a<p A A gi $ + 2atp 3 V gi tpV gi ifi + ap 3 ^A gi tp + R a gi ip 4 ^ 

=<p 3 L^). 

This completes the proof of Proposition Q] 

To prove Proposition [21 we recall that for g = v~ 4 / 3 g s , the 1-scalar curvature K g 
has the following form: 

1 ill 22 

(2.1) K g = {v^) 3 ({v^) ee + v*) = -v^vee - -v~^{vef + v*. 

o y 

For any / E C 4 ^ 1 ) and g x = v- 4 / 3 g s , 

4 2 1 

10 2 

A lJ =-^vi{2v 2 e fee + vev e efe) 

+ (Svfeeee + I2v g feee + &v S efee + 2v ee ef e ), 
1 2 

v si( K ffi V si/) =V Sl (/e(-wee - ~v g + v 2 )) 

=v^{v 2 f ee - ^vgf gg - ^v e v e efe) 
+ Tv%{veefee + &v e fe + feveee)- 
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Therefore 

M P* (<p) =<pi (A 2 gi if + 10V fll (n gi V 91 <p) + 9Q£ <p) 

=(v<f)i (vipgggg + ^VgLpggg + 6vgglfigg - 

+ 20vgtpg + lOvifgg) + 
= (vip)%{{vLp)gggg + I0(vtp)gg + 9v<p) 

For any tp > 0, let g% = V' 4 ^ 3 .92- The above calculation shows that 
On the other hand, g% = ip~ 4 / 3 g2 = (</>' ! / , )~ fii thus 

Q£ = M)tp g ></>)- 

Comparing the above two equations, we obtain that 
(2-2) P*i> = ^P£ 1 {^) 

for any i/j > 0. Finally, for general ip, choose C sufficiently large, such that C + ip > 
0. Applying (|2.2[) to C + tp and using the linearity of P^, we obtain that <\2.2\i holds 
for all ip. This completes the proof of Proposition [21 The proof of Proposition [3] is 
very similar. We shall skip the details. 

3. A Local Sharp Inequality 

In this section, we shall follow [7] to establish a local sharp inequality, which will 
yield the global inequality Theorem [5] 

For any three positive constants a,b,r > 0, We define 



D a , b (-r,r) = {f(y) : f(y) - b e H*(-r,r), f > 0, / r 2 (y)dy = a} 

J —r 

Proposition 5. If a > 2rb~ 2 , then 

/T 
\S7w\ 2 dy = 2t 1/2 - arctan , 
_ r VA VA// 



where t > and A > are determined by 



2T- 1 ' 2 arctan^A- 1 ) = a, ^^r 1 / 2 



The infimum is achieved if and only if by 

, v 1/4 j x 2 + y 2 

If a < 2rb~ 2 , then 

inf / \Vw\ 2 dy = 2t 1/2 (~ + arctanh (~ 

zD a<b (-r,r) J _ T V A VA 



where t < and A > r are determined by 



2\t\- 1 / 2 arctanh^A^ 1 ) = a, \t\^ 2 = b 2 . 

A 
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The infimum is achieved if an only if by 



If a = 2rb~ 2 , then 

inf / \Vw\ 2 dy = 0. 
The infimum is achieved if and only if by w = b. 
Proof. It is easy to see that: if a > 2rb~ 2 , then 

/r pr 
\Vw\ 2 dy = inf / \Ww\ 2 dy; 



And if a < 2rb~ 



inf f \Vw\ 2 dy = inf f \Vw\ 2 dy. 



w£D a 

So, if {wi} C D a jj(—r,r) is a minimizing sequence satisfying: 

\X7wi\ 2 dy = inf / \X7w\ 2 dy, 

we may assume without loss of generality (after rearrangement) that Wi(—y) = 
Wi(y), and when a > 2rb~ 2 , w[{y) < for y > 0, w'^y) > for y < 0; When 
a < 2rb~ 2 , w[(y) > for y > 0, w[(y) < for y < 0. 

Since {wi} is a minimizing sequence, \\/wi\ 2 dy < C for all i. It follows from 
u>i — b G iJp that < C. Therefore, up to a subsequence, 

Wi wq weakly in r, r). 

Using Sobolev embedding theorem we obtain that | \wi \ \ c o,^, ^ < C> and u)j — > wq 

in C*°> Q (-r,r) for any a <E (0, ±). 
Fatou's Lemma implies 

Wo 2 (y)dy < lim / w~ 2 {y)dy = a. 



It follows from u> € C°'^(— r, r) that wo(y) > for any y £ (— r, r). Therefore 
wo € D at b(—r,r) is a minimizer. It is easy to see that Wo(y) = wo(—y), wo(r) — 
wo{—r) = b, w > b if a > 2b~ 2 and w < b if a < 2b~ 2 . Moreover w satisfies the 
Euler-Lagrange equation 

(3.1) w"(y) = tuT 3 . 

for some constant r. 

If a > 2rb~ 2 , it is easy to see that r > 0. Let 

(3.2) ^)=ri(*±£y. 

We can verify that v\(y) satisfies (|3.ip . and ?^(0) = = w' (0). Choosing A = 
t~ 1//2 Wq(0), we have v(0) = wo(0). It follows from the uniqueness of the solution 
of <)3 . 1 1) that wo(y) = v\(y). The boundary condition yields 
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and wo £ D a ,b{—r,r) implies 

w ~ 2 dy = 2t~ 1 / 2 arctan(rA _1 ). 

Thus the infimum is given by 

/V 
\Vw \ 2 dy = 2r 1/2 - arctan(rA" 1 ) 

On the other hand, if wq £ D a .b{—r,r) is a minimizer, then wq > b and satisfies 
(|3.ip . From the uniqueness of the solution to the ODE, we know wo = vo with 
A = t-V 2 w%(0). 

If a < 2rb- 2 , then r < 0. Let 

i / A 2 — y 2 ^ * 

v 2 (y) = H' 



Again u 2 (j/) satisfies ([3T]) , and ^(0) = = w (0). We choose A = |r|- 1 / 2 wg(0), 
so that i>2(0) = wq(0). It follows from the uniqueness of the solution of (|3.ip that 
wo(y) = V2(y). The boundary condition gives 



T 4 



and wo € D a ^{— r, r) implies 

a = / w,7 2 dy = 2|rp 1/2 arctanh(rA _1 ) 
So the infimum is given by 

/T 
\Vw Q \ 2 dy = 2\t\ 1 / 2 + arctanh(rA" 

Similarly, one can see that such i>2 is the only minimizer. 
The case of a — 2rb~ 2 is trivial. 



□ 



4. Proof of Theorem [2] 

Our proof of Theorem [2] is in the same spirit as that of Theorem C in [7] . For 
u{6) £ H 1 (S 1 )(9 £ [— 7r,7r]), u > 0, without loss of generality (due to rearrange- 
ment), we may assume that u{9) = u{—&) and u{9) is decreasing on [0, 7r]. 

For e £ (0,tt), let = {9 : (9 £ [-tt + e, tt - e]}, 

/7T — e 
u~ 2 (#)d#. 
-7r+e 

It is easy to see that r e — > +oo as e — > 0, and < I ) (S' C 1 ) = [— r e ,r e ], where $ is the 
stereographic projection <I> : S 1 — ► R 1 , defined as 



j/ = 3>(0) = tan — for 0£[-7r,7r]. 
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Let w(y) — 1 (y))(p(y), where (p(y) = + y 2 )/2. Then we have (note that 
8 = 2 arctan y) 

/ w~ 2 dy = / u~ 2 (2 arctan y) -ciy 

J — r e ./ — r e 1 ~i~ 2/ 

7r — e 

u- 2 {0)dO = a £ . 

-7r+e 



Therefore ui(y) S D ae: b t (— r e , r e ), where 6 e = u;(r e ) = m(7t — e) y/(T+rf)/2. Using 
Proposition [5l we have 

(w'(y)) 2 dy>2^(j- arctan^)) , 
where t and A are determined by 

(4.2) 2T- 1 ' 2 arctan^A- 1 ) = a £ , ^-tllr 1 ^ 2 = b\. 

A 

On the other hand, 

d , , , , „ , 1 



thus 



w'(y) = ip—u(2 arctan y) + u{2 arctan y)(p'(y) = u'{9) + u(8)ip'(y) 7 
ay (p(y) 



7T — € 

UgdO — / LpLp f 'u 2 dy + (f(p / u 2 (2 arctan y)\ r J re 

J — r e 



— TT + f. 

7T— e 



i / ~" ' ' i • /•;•'' 

Therefore P~Tj) and P~2")) imply 

(u 2 --u 2 )d6 u- 2 d9=a t ( ( W >(y)f d y~b 2 ^-t) 

7T+e ^ «/ — 7r+e «/ — r e 



1 + r 2 



>a e 2vr I - — arctan — ) — b e 



X XJ e l+r 

r r )2 _|_ „2 



=4 arctan — arctan — 

A V A A A 1 + r 2 

r e ( r e 1 — A 2 r e 

=4 arctan — — ■ — arctan — 

A V A 1 + r? A 



Letting (3 e = arctan ^ £ (0, 5), and using (|4.2p . we have 

a e b 2 = 2 arctan^ • A | r<s = 4r e , , . 

A A sin(2/3 £ ) 

Since fe 2 = u 2 (n — e)(l + r 2 )/2 = 0(r 2 ), and lim e ^ a e = u~ 2 d9 := a, we have 
lim e ^ /?e = 7r /2- It then follows from (|4.2[) that lim e ^ A = 27ra~ 1 u~ 2 (7r). Hence 

r c / r e 1 — A 2 , r f 



lim 4 arctan — I — ■ — arctan — = 4— (0 ) = — tt , 

<^o A V A 1 + r] X 2 v 2 ' 
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and 



{ul - \u 2 )d9 I u - 2 d9 > -n 2 



4 

The equality holds if and only if u satisfies the Euler-Lagrange equation 

1 -3 
uee + -u — tu 

for some positive constant r. Thus w(y) = u(^~ 1 (y))ip(y) > satisfies 
(4.3) w" = Tw- 3 ,w(y) = 0(\y\), as \y\ -> oo. 

The first integral of equation (|4.3|) is 

(w 1 ) 2 = c\ — tw~ 2 . 

Since w(y) = 0(\y\), as \y\ — ► oo, we may assume that w(y) attains its minimum 
at some point a. It is easy to see that w(y) is increasing when y > a, decreasing 

when y < a, and all solutions to (|4.3|) are given by w(y) = ^/ T+Cl ^ -^-, that is 



u(9) = c\/X 2 cos 2 — — — + A- 2 sin 2 



2 2 ' 

where c = (4r) i and A = (r) i / ^/cT . This completes the proof of Theorem [2] 

5. A NEW PROOF OF BLASCHKE-SANTALO INEQUALITY 

The original proof of Blaschke-Santalo inequality and affine isoperimetric in- 
equality involved Minkowski mixed volume inequality for convex body, see for ex- 
ample 9: . Here we shall give a new analytic proof. The analytic approach enables 
us to extend such inequality to the one involving higher order derivatives (see our 
Theorem [3]), as well as allows us to remove the geometric constrains (i.e. the con- 
vexity of the curve). Such an approach was used also in [4] aiming to generalize the 
affine isoperimetric inequality. However, as we pointed out early that their proof is 
incomplete. 

For any given A > and 9 £ [0, 2ir], let 



V>a(6>) = \/A 2 cos 2 9 + X- 



2 sin 2 



-o I arctan(A~ 2 tan0), #e[0,7r/2] 

a\(9)= ij;- 2 d9=i arctan(A- 2 tan#) + tt, 9 £ (vr/2, 3tt/2] 
Jo I arctan(A- 2 tan 9) + 2vr, 9 £ (3tt/2, 2tt) 



and define 

(T x u){9) :=u(a x (9))M8)- 
From conformal invariant properties, we know that 



2ir r 2-n 
2 



(5.1) / (uj - u 2 )d9 = I {{T x u) 2 g - {T x u) 2 )d9, 
and 

(5.2) / u- 2 d9= / (T x u)- 2 d9. 



2tt p2ir 

-2 in / trn „,\-2, 



Also one can easily check that for all a £ [0, 2tt) 

/ _ _ \ f 27r cos(6» + a) Jn r— x9 . 5 [ 2 * cos(9 + &) Jn 

(5.3) / .1, .„ ' d6 = V A- 2 cos 2 a + A 2 sm 2 a ■ / ^ -d0, 

Jo (T x u) 3 J Q u 3 
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where a = u x (a). 

For any u <E H 1 ^ 1 ), u > 0, let 



J(u) := I (u 2 e - u 2 )d6 • / u -' z d6. 



If we denote 



H\{S X ) := {u £ H 1 ^ 1 ) : u > 0, / cos(6> + 7)u- 3 ((9)d6> = 0, for all 7 € [0,2tt)}, 

Jo 



it is obvious that 



inf J(u) < J(l) = -4tt 2 < 0. 
- 



We first shall prove that inf^i J(u) is bounded below and the minimizer of J(u) 
exists. 

Suppose {ui} is a sequence of minimizing functions for inf #1 J(u) with maxg Ui(6) 

1. 

Lemma 1. For eac/i / £ C ^ 1 ), i/iere exists a constant a such that /(a) = 
/(o + tt). 

Proof. Let g{0) = f(6 + tt) - f(6). Then .0(6*) = -.0(6* + tt). Intermediate value 
theorem immediately yields the result. □ 

Due to Lemma [U without loss of generality (after rotating), we may assume that 
Ui(0) — Ui(n) and u^tt/2) > Wj(37r/2). Let 



Ui(0) ' H^AiWiHi" ' 

It is easy to see from (|5.1|) to (|5.3|) that {w^} is also a minimizing sequence and 



Wi(0) = Wi(-) = — n . 

Furthermore «i(0) = Ui(ir) implies Wi(rr) — Wi(0) — Wi(ir/2). Since {wi} is a 
minimizing sequence, we have 

(woi - (i«i) a tw < 

for large i. It follows from | jwj||£,oo = 1 that ||iUj||^fi < C. Hence w% — wq in 
H . From Sobolev embedding theorem we have that Wi — ► wo m C* '" for any 
a G (0, i). If miniuo > 0, then we know that ini^i J{u) is bounded below and wq 
is a minimizer. Therefore we only need to consider the case when miniuo = 0. 
We need the following lemma to locate the zero points of Wq. 

Lemma 2. If I — (a, b) is an open interval satifying wo(a) = wo(b) = and 
wq(0) > in (a, b), then b — a = tt . 

Proof. Eb-a > tt, let S = b—a—TT and J = (a+§,&-§). Then |J| = 6-a-f > tt. 
Therefore we can choose j3 > such that cos(6* + (3) > for 8 £ S 1 \ J, thus 

cos(fl + 0) 

= du — > 00 as 1 — > 00, 

Si\J w i 
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while fj cos ( fl +ft) dQ stays bounded. So, as i — > oo 



-cos(^ 



This contradicts with 

<' 2w cos(6> + 13) 



de = o. 



On the other hand, we write the open set {9 : Wo(9) > 0} as a union of open 
intervals 

{9 : w (d) > 0} = Uili. 
From the above argument we know that < tt for all i. If one of these intervals, 
Ii has length strictly less than tt, then 

(K) 2 - <)d9 > o, 



and 

Jw o >0 i J h 

It follows that J(wi) > for large i. This contradicts with the fact that 

inf J(u) < J(l) = -4tt 2 . 
Hi 



□ 



Suppose wo(0o) = min wo = for some 9q € [0, 7r]. Since wq(0) — wq(tt) = 
wq{tt/2) > u>o(37r/2), the above lemma implies that if wq(0) = 0, then wq = 0. 
This contradicts with the fact of maxwo = 1. It follows that do ^ 0, wq(0o) = 
w (9 + tt) = and w (9) > for 9 ^ 9 , 9 + tt. 

For each i, if Wi(9{) — minwi(9), then up to a subsequence, we may assume, 
without loss of generality, that 9i — > 9 a + tt. Furthermore, by rotating we may 
assume that 9 — 0, and 0i = 9 + tt = tt, that is, Wi attains its minimum at tt, 
Wi — > Wq and Wq > for 9 e [0, 2tt] \ {0, tt}. 

Let 



(Tj(0) = a Ti (9), and i;* 



' V ^(°)' H^lk- 

Again {uj} is a minimizing sequence and < C. Therefore, up to a subse- 

quence, {vi} converges weakly in H 1 to some vq £ H 1 and — > «o in C 0,a for any 
«G (0,|). 

It is easy to see that 

i*(0) = v % C-), lim ^ = < 1, and v^tt) < «*(()). 

Hence 

(5.4) vo(0) = «o(J), -^Jrr > 1 and Uo M < wo(0). 

Applying Lemma|2]to «o, we see that Vo(0) > 0, otherwise t>o(0) = «o(f ) = wo(tt) = 
w o(%-) = 0, which yields that w = by Lemma [H contradiction to maxw = 1. It 
follows from (|5.4|) that i>o(§) 7^ , thus Uo(^r) 7^ 0. Applying Lemma [5] again, wc 
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have vq(tt) > 0. For any 9 £ [0, 2tt] \ since attains its minimum at 7r, 



2 ' 2 

we obtain 

Vi(0) = w 1 Wi(ai (9))Jt? cos 2 6 + T r 2 sin 2 9 

=fi(7r)| cos#| — > vo(7r)| cos0| > 

Hence i>o > 0, thus it is a minimizer. 

To complete the proof, we suppose that v is a minimizer and observe that 

H^S 1 ) = {u£ H 1 ^ 1 ) : u>0, / cosd -u- 3 d9= / sin 9 ■ u- 3 d9 = 0}. 

Jo Jo 

Thus satisfies the Euler-Lagrange equation: 

o a cos 9 &sin# q ccos(# + a) 
(5.5) w e0 + v = tv 3 + — ^— + — j— = tv 3 + ^ 



where r, a, b are Lagrange multipliers, c = y/a 2 + b 2 and 7 = 7(0,6). Multiplying 
both sides of (|5.5p by cos(# + 7) and integrating over [0, 27r], we have c = 0. Hence, 
v satisfies 

V00 + V = TV~ 3 . 

Due to Lemma [TJ we may assume v(0) = v(ir). Define w on S* 1 by w{9) := w(|), 
G [0, 27r]. One can check that w € H 1 (S 1 ) satisfies 

wee + -7W — -tw~ 2 , 9 e S 1 



Using the same argument as in the proof of Theorem [TJ we obtain that 
w(9) = {rf'^X 2 cos 2 + A-2 sin 2 

Therefore, 

v{9) = c^J\ 2 cos 2 (9 -a) + \- 2 sin 2 (6> - a). 

Remark 2. Our argument also yields another proof of the affine isoperimetric 
inequality. In this regard, we refer [4] to interesting readers for the setting up. 

6. Higher order derivatives 

We shall prove Theorem [3] and [4] in this section. 

We first prove Theorem 2J For any given A > and a G [0, 2ir], let 



V.v.,(«i : | A 2 cos 2 ^ + A- 2 sin 2 ^ 



3/2 



and 



a + 2arctan(A~ 2 tan^), ifO<6>-a<7r 
a + 2 arctan(A~ 2 tan 2=2) + 2?r, if tt < 6> - a < 2vr 



(T A , a 1/)(0) =«(wA,a(0))*A,a(0). 
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From conformal invariant properties, we know that 



and 

r 27r r 2-rr 



2 / 3 d9 = / (T Ka u)- 2 / 3 d9. 



Lemma 3. For any u G H {S ), u > 0, there exist a G [0, 27r) and A > 1, suc/i 
that 

{T x . a u) (9) cos 0d0 = / (T A , a tt) (9) sin 0<20 = 0. 
Jo 

Proof. For a G S 1 , A > 1, define 

h,a( u )=(J o {Tx, a u)(9) cos 9d9, (T\_ a u)(0) sin0d0^J G R 2 . 

Suppose 3 u > 0, such that J A ,a 7^ (0, 0) for all (A, a) G [l,oo) x S 1 . Define 
G : [l,oo) x S 1 -» S 1 by 

G(A,a) = Try — t— Yj-j — , 

where ||X|| R 2 is the length of vector X G R 2 . One can easily check that G is 
continuous. 

When A = 1, Wi, a (0) = 9, *i, a (0) = 1. Therefore 

27T r2w 

{T ha u) (9) cos 9d9 = / u(9)cos9d9, 
Jo 

2tt p2-rr 

(T ha u)(9) sin 9d9 = / u{6) sm OdO. 



That is G(l, •) maps 5* 1 to single point on S 11 . 

On the other hand, as A — * oo, u)(ff) — > a pointwisely for 9 G [a, a + 7r) and 
— > a + 2ir pointwisely for 9 G (a + it, a + 2ir]. Therefore as A — > oo 

p2-x p2n 

A -3 / (T x . a u)(9) cos 9d9 = A" 3 / u(w A , Q (0))* AiQ (6») cos 6»d6» 
Jo Jo 

2Tr , ^0 — OL 1 . i0~ CK.3 

u(wA >a (6'))(cos — h ^? sm — 2 cos 9d9 

-u(a) cos a 
5 



and 



/" 27r 8 
A -3 / (T x a u) (9) sin 9 d9 — > -w(a)sina. 

Jo ' 5 

lim G(A, a) = (cos a, sin a). 

A^oo 

That is G(oo, •) = Id, the identity map. Since tti(S 1 ) ^ 0, Id is not homotopy to 
the constant map. Contradiction. □ 

Remark 3. There are some similarities between the above lemma and other re- 
arrangement lemma (see, for example, Lemma 2 on Page 85 in ^). 



Hence 
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For any u € H 1 (S 1 ), u > 0, let 

F(u) := jT^, _ + ^ 2) ^ . ^ u _ a/a ^ 3 . 

If {ui} is a minimizing sequence of _F with J Q 27r u i 2 ^ 3 d9 = 1, due to the above 
lemma, we may assume, without loss of generality, that Ui satisfies 

27T p27T 

Ui cos 9d9 — / Ui sin 9d9 = 0. 



Consider the Fourier expansion of uf. 

oo 

Ui(6) = c^ + y^(at,fc cosfcfl + b itk sinkd). 

k=2 

It follows that 
(6.1) 

oo _ oo n n 00 

F( Ui ) =7r E ^ 4 (4 fc + & 2 , fc ) - y E fc2 K ? fc + & 2 ,*) + y<o + % + 

k=2 k=2 k=2 

>jE fc4 K* + + y c2 o > C / ((KM 2 + «?)<# 

k=2 J ° 

for some positive constant C . Since {u^ is a minimizing sequence with J Q 2,r u i 2 ^ 3 d9 = 
1, F(ui) is bounded. It follows that ||Mi||if2 < C. Thus Ui uo weakly in iJ 2 (S' 1 ). 
Using Sobolev embedding theorem we obtain that uo,Wj € C ' 3 (S 11 ) and — > uo 
in C* 1 ' Q (S' 1 ) for any a € (0,i). 

If uo vanishes at some point, then J* u 2 dO — oo since uq G n 
the other hand, Fatou's Lemma implies 

u~ 2/3 (9)d0 < lim / u~ 2/3 {9)d9 = 1. 
Jo 

Contradiction. Therefore uq > 0, thus it is a minimizcr. 

Suppose u is a minimizer, then it satisfies the Euler-Lagrange equation 

5 9 _5 

ueeee + -z u se + T7 U = tu 3 > 
2 lb 

where r is a positive constant, since inf F{u) is positive (by (|6.ip V Using the Green's 
function of the operator P g , we obtain that 

r27T n 

(6.2) u(6)=c\ Tu^(</?)|sin — —\ 3 d<p. 

Jo 2 

Define v : R — > R by 

(6.3) v(y):=u(^- 1 (y)) l p 3 (y), 
where $ : S 1 — > R 1 is the stereographic projection: 

$(6») = tan^. 

and 

^(y) := 
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It follows from (|6.2|) that v(y) satisfies 

/oo 
TU _ 3 | j; _ y\ 3 dx 
-oo 

Using Theorem 1.5 in Li [8] we obtain that 

v{y) = c I 

for some c, A > 0. Therefore 

u(0) = c I A cos 2 — h A 2 sm 2 J 

This completes the proof of Theorem @] 

Remark 4. The same argument yields another proof of Theorem^ 

Remark 5. Theorem^ implies that (S ,g) has constant Q curvature if and only 
if it has constant A-scalar curvature. 

Finally, we shall turn to the proof of Theorem [3] For any A > 0, let 

T A (9) = (A 2 cos 2 8 + \- 2 sin 2 9) 3/2 , a x (9) = / r~ 2/3 d8, 

Jo 

and 

(T x u)(9) :=u(o- x (e))T x (e). 
By conformal invariant property, we know that 

/ (u 2 e - I0u 2 + 9u 2 )d9 = / ((T AU ) 2 e -10(T A u) 2 + 9(T AU ) 2 )^ 
Jo Jo 



and 



r u - 2 '*d9= r(T X u)~ 2 ^d9. 

Jo Jo 



Also one can easily check: for any a € [0,27r), 

[ 2 * cos 3 (6 + a) Jn .^_ 2 2 x2 . 2 , 3/a f 2 " cos 3 (9 + A) ln 
Jo l^t^ dd = {X C ° S a + X Sm a) Jo ~ ^T^' 
where a = cr^" 1 (a). For any u € 7J 2 (S' 1 ), u > 0, let 

F(u):=J (u 2 eg - lO-itQ + 9u 2 )d9 ■ (j u-' 2/3 d9\ , 



and 



i7 s 2 (5 i) := {u e H ^ S U . f * cos (° + a ) de = o for all a g [Qj 27r)} 

Jo u ' 

We first prove the existence of a minimizer of inf#2(5i) F(u). 

Suppose that {ui} is a minimizing sequence of infjj2( S i) F(it), with ||iii||.L°° = 1- 
The following lemma implies ||itj||ij2 is bounded, therefore Ui — 1 uq in 7J 2 (5' 1 ). 
Using Sobolev embedding theorem we obtain that Ui,UQ G C 1: 2, and u, — > i*o in 
C 1 ^, for any ae (0, ±). 

Lemma 4. Suppose {vi} is a minimizing sequence of vni^is 1 ) F with ||u,||ioo = 1. 
T/ien ||wi||_ff2 is bounded. 
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Proof. We argue by contradiction. Suppose that ||u<||h 2 is unbounded. Up to a 
subsequence, we may assume that lim^oo ||fi||jj 2 =00. Let wt — Vi/\\vi\\jj2. Then 
{wi} is also a minimizing sequence, Wi — 1 in H 2 ^ 1 ) and ||u;j||#-2 = 1. It follows 
that Wi — ► in C 1,Q for any a € (0, 5), thus lim woo ^"(w- + {wi) 2 g )d6 = 0. On 
the other hand, we know from Wi in H 2 (S 2 ) that 

/■27T 

lim / (w 4 )- 2/3 d6» = 00. 

Note that 

\2 in/,.. ^2 , n „..2\ 



2— >00 



lim / ((wi)j - 10(^)| + 9wf)dB > 0, 



and {u^i} is a minimizing sequence. We thus have 

lim / (( Wi )le - W(wi)e + ^wj)d9 = 0. 

Therefore lim^oo Jq™ ((wi) 2 ig d9 = 0. Hence lim^oo ||?«i|| ff 2 = 0. This contradicts 
with ||iDj||jj2 = 1. □ 

If uq > 0, we know as in the proof of Theorem [1] that uq is a minimizer of 
iafffsrgi-) F(u). The subtle case is that minuo = 0. 
We need one more lemma. 

Lemma 5. If I = (a, b) is an open interval satifying uo(a) = uo(b) = and 
uq(9) > in (a, b), then b — a = tt . 

Proof, lib-a > tt, let S = b-a-n and J = (a+f ,6-f). Then |J| = > tt. 

Therefore we may choose (3 > such that cos(# + /3) > for 8 £ S 1 \ J. Since 
mo € C 1 ^, 

cos 3 (fl + /?) 

ryr d0 — > OO, aS I — > OO, 

while JjCOS 3 (9 + f3)/u 5 / 3 d9 is bounded. Therefore, as i — ► 00 

r 27r cos 3 ((9 + /3) 



5/3 
tt.- 



-d0 



00. 



Contradiction with the fact that Uj G H^S 1 ). 

On the other hand, write the open set {9 : uq(9) > 0} as a union of open 
intervals: 

{6 : wo{6) > 0} = Uik. 
From the above argument we know that < tt for all i. We claim that for interval 

I k With I I k I <TT 

/ ((u ) 2 e ~ 10Me + 9u 2 )d9 > 0, 

and for with |/;| < tt, 

r ((«o)? 9 - 10(«o)i + 9tt^ > 0. 
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Therefore, if for some io, \Ii \ < 7r, we have 

((u Q ) 2 eg - 10(u )l + 9u 2 )d6 > / ((uojle ~ W(u ) 2 e + 9u 2 )d9 

Juo>Q 

= E / ((«o)| fl - 10(«o)g + 9t^)d» 

> / ((«o)m - W(u ) 2 g + 9u 2 )d0 = C > 0. 

bmce uq e C 1 ' 1 / 2 , thus f^u~ 2/3 d6 -> oo. It follows that 

lim F(ttj) = oo. 

i — >oo 

Contradiction. 

We return to the above claim. Suppose \Ik\ = tt. Without loss of generality 
we may assume that Ik = (0,7r), i.e. uq(0) = 0, uq{tt) = and uq(0) > when 
e (0,7r). Since u > and u 6 C 1 '^, we obtain that u'(0) = u'(7r) = 0. Therefore 
if v{6) = for 6» G [0, 2tt], then u S H 2 (S l ). It follows from Theorem 0] that 

((«o)f fl - W(u ) 2 + 9u 2 )d9 = 16 J (v 2 e - h -v 2 + -^v 2 )d6 > 0. 

For |//| < 7r, we assume that /; = (—a, a) with a < ^. Let t>(6l) = uo(|) an d 
w(y) = w(2arctany)((l + y 2 )/2) 3 / 2 (see (1010 . Since u (a) = it (-a) = and 
w (— a) = u' (a) = 0, we know that u;(±tana) = u/(±tana) = and w(y) > for 
y (z (— tana, tana). Hence 

((uofee - 10(«o)g + 9u 2 )d0 = 16 / ( v 2 e - + ^ 2 )d# 

./-2a Z 10 

/tan a 
(w"(y)) 2 dy > 0. 
- tan a 

□ 

The rest of the proof of the existence of a minimizer will be similar to the proof 
of the existence part of Theorem [T] 

Using Lemma [TJ we may assume that Ui(0) = Ui(ir) and u,(7r/2) > Ui(3n/2). 
Let 



' u i(f ) ... ,m T A,^ 



Aj = W — and w;(6>) 



, «i(0)' v ; ||T AiMj || L oo' 

It is easy to see that {tfi} is also a minimizing sequence and 

Wi(0) = u>; - = — n . 

2 HTAjUillioo 

Furthermore Mi(0) = Ui(7r) imples Wi(ir) = Wi(0) = u>.;(7r/2). Since {wi} is a 
minimizing sequence with ||tWj||x,oo = 1, Lemma U implies that ||w^||jy2 is bounded. 
Hence u>i — ^ wo in id 2 . It follows from Sobolev embedding theorem that iu, — > wo 
in C 1,a for any a S (0, ^). If minwo > 0, then u>o is a minimizer as being pointed 
out above. Therefore we only need to consider the case of minu>o = 0. 

Suppose wq(9q) = min wo = for some 9q G [0,7r]. Since wo(0) = wq(tt) = 
wq(it/2) > wq(3tt/2), Lemma [5] implies that if wq(0) = then wq = 0, which 
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contradicts with the fact that maxwo = 1. Hence 9o ^ 0, wq(8q) — wq(8q + tt) = 
and w Q (9) > for 6 ^ 6 , 6q + n. 

For each i, suppose Wi(6i) = min Wi(9). After rotating and up to a subsequence 
of Wi, we may assume that 9q = 0, and 9i = 9q + tt = tt, i.e. uii attains its minimum 
at it, Wi — > wo and wq > except at and it. 

Let 



r * = \/ — 7^7 > a i(®) = cr r I (^), and u 



,(0)' ||T T4 i«i|U-- 

Again {vt} is a minimizing sequence and ||uj||#2 < C by Lemma|4] Therefore, up 
to a subsequence, {vi} converges weakly in H 2 to some vq £ H 2 and Vi — ► vq in 
C* 1 '" for any a £ (0, ±). 
It is easy to see that 

«i(0) = lim ^7#y = ^7#Y < 1, and ^(tt) < Wi (0). 

Hence 

(6.4) v (0) = u (J), -^Jrr > 1 and « (O < v (0). 

1 v o{ — ) 

Applying Lemma[5]to vq, we see that vq(0) > 0, otherwize vo(0) = uo(f ) = ^oM = 
Wo(lF) = °> contradiction. It follows from (JOJ) that i> (§) 7^ 0, thus t; (lf) + 0. 
Applying Lemma [5] again, we have vo(ir) > 0. For any 9 £ [0,2n] \ {§, ^}, since 
attains its minimum at it, we obtain 

Vi(6) = ,,_ 1 „ ^(^(g))(rf cos 2 + r~ 2 sin 2 6>) 3 / 2 

>li=— ii Wi(7r)ri| cos 6f 

=7j i ( 7 r)|cos6»| 3 ^u (7r)|cos6»| 3 > 

Hence vq > 0, thus it is a minimizer. 

To classify the extremal function v(9), we again observe that 



2tt 

sin 36» • u~ 5/3 d8 = 



^(S^jMeff 2 ^ 1 ) :w>0, / cos36»-ii- 5 / 3 d(9= f 

Jo Jo 

and / cos 9 ■ u~ 5/3 d9 = / sin 9 ■ u~ 5/3 d8 = 0} 
Jo Jo 

Thus u(6*) satisfies the Euler-Lagrange equation: 

_5 a cos 3$ bsm39 ccos9 rising 

(6.5) Vggog + WVgg + 9v =TV 3 -| g 1 1 1 g _ 

7J3 7J3 ?J3 7J3 

A cos (30 + a x ) Bcos(9 + a 2 ) 



-TV 3 + 



7J 3 7J 3 



where r,a,b,c,d are Lagrange multipliers and A — V 'a 2 + 6 2 , £? = Vc 2 + d 2 . We 
then follow the argument given in [4]. Multiplying both sides of (|6.5|) by cos(30+ai) 
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and cos(# + a?) respectively and integrating over [0, 2tt], we obtain that 

| ^ cosHSOJ a l)de + B J** cos(3g + qQ cosjO 4- a 2 ) ^ = Q 

(6 ' 6) A C cosQfl + ai) cos(fl + a 2 °) ^ fl ^ V gg) d0 = p. 

It follows from the Holder inequality that the determinant of the coefficient matrix 
of linear system (|6.6p is always positive. Therefore (|6.6p has only the trivial solution 
A = B = 0. Hence, v satisfies 

V9888 + lOvgg + 9v = TV~ 3 , 

4 

which implies that the symmetric Q-curvature of v~z g s is a constant. We hereby 
completes the proof of Theorem |3J 

Remark 6. It can be checked from the classification of constant 1-scalar curvature 
metrics that the symmetric Q-curvature of a constant 1-scalar curvature metric is a 
constant. Conversely, it is not clear whether it is true, even though we suspect that 
it is the case. Technically, we do have difficulty to classify the metrics with constant 
symmetric Q curvature. We conjecture that if u is a minimizer of inf ff 2( S i) F(u). 
then 

u{9) = c (A 2 cos 2 (6» - a) + A" 2 sm 2 (6> - a)f /2 , 
for some A, c > and a € [0, 2ir), and the infimum is F(u) = 144-7T 4 . 

Remark 7. Direct computation shows that 

a 
3 

which implies 



J Q a g dS g = J {R a g ) 2 dS g 



Therefore using Theorem^we obtain that with length fixed, the infimum of J (k g ) 2 dS g 
is attained by metric with constant A-scalar curvature. In addition, it can be shown 
that J QgdS g , therefore J(k g ) 2 dS g is increasing and bounded above along the In- 
curvature flow (1.1£\) . 

References 

[1] Ai, J.; Chou, K.S.; Wei, J. Self-similar solutions for the anisotropic affine curve shortening 

problem. Calc. Var. Partial Differential Equations 13 (2001), no. 3, 311—337. 
[2] Chang, A. The Moser-Trudinger inequality and applications to some problems in conformal 

geometry, Nonlinear PDE in Differential Geometry (Park City, UT, 1992), 65-125, IAS/Park 

City Math. Ser., 2, Amer. Math. Soc, Providence, PJ, 1996. 
[3] Chen, X. Calabi flow in Riemann surface revisited: A new point of view, Intern. Math. Res. 

Notices, No 6(2001), 275-297. 
[4] Chen, W.; Howard, R.; Lutwak, E.; Yang, D.; and Zhang, G. A generalized affine isoperimctric 

inequality, J. Geom. Anal. 14 (2004), no. 4, 597-612. 
[5] Fefferman, C; Graham, R. Q-curvature and Poincare metrics, Math. Res. Lett., 9(2002), no 

2-3, 139-151. 

[6] Hang, F. On the higher order conformal covariant operators on the sphere, preprint. 

[7] Li, J.; Zhu, M. Sharp local embedding inequalities, to appear in Comm. Pure Appl. Math. 

[8] Li, Y.Y. Remark on some conformally invariant integral equations: the method of moving 

spheres. J. Eur. Math. Soc. (JEMS) 6 (2004), no. 2, 153-180. 
[9] Lutwak, E. On some affine isoperimetric inequalities. J. Differential Geom. 23 (1986), no. 1, 

1-13. 



22 



YILONG NI AND MEIJUN ZHU 



[10] Ni, Y.; Zhu, M. One dimensional conformal metric flows. 

http : //arxiv . org/abs/math . AP/0611319 
[11] Sapiro, G.; Tannenbaum, A. On affine plane curve evolution, J. Funct. Anal, 119(1994), 

79-120. 

[12] Schwetlick, H.; Struwe, M. Convergence of the Yamabe flow for "large" energies. J. Reine 

Angew. Math. 562 (2003), 59-100. 
[13] Wei, J. Personal communication. 

[14] Yang, P.; Zhu, M. On the Paneitz energy on standard three sphere. ESAIM Control Optim. 

Calc. Var. 10 (2004), no. 2, 211-223. 
[15] Ye, R. Global existence and convergence of Yamabe flow. J. Differential Geom. 39 (1994), no. 

1, 35-50. 

Department of Mathematics, The University of Oklahoma, Norman, OK 73019, 



